OSCILLATIONS
(SHM, DAMPED AND FORCED OSCILLATIONS & RESONANCE)

1.2

1.3

PERIODIC MOTION AND ITS CHARACTERISTICS AND TYPES OF SHM

Periodic Motion

(i) Any motion which repeats itself after regular interval of time is called periodic motion or harmonic
motion.
(i) The constant interval of time after which the motion is repeated is called time period.

Examples : (i) Motion of planets around the sun.
(i) Motion of the pendulum of wall clock.
Oscillatory Motion
@) The motion of a body is said to be oscillatory or vibratory motion if it moves back and forth (to and fro)
about a fixed point after regular interval of time.
(ii) The fixed point about which the body oscillates is called mean position or equilibrium position.
Examples : (i) Vibration of the wire of 'Sitar'.
(ii) Oscillation of the mass suspended from spring.
Simple Harmonic Motion

° In SHM particle does to and fro motion about a fixed point called mean position.

° The force acting on the particle which tends to bring the particle towards its mean position, is known as
restoring force.

° This force is always directed towards the mean position and proportional to displacement from mean
postion.

e SHM motion can be represented by

X = A sinot,
x = A cosot,

X = A sinot + B cosat,

X = A sinot,

x = A cos¥wt + ¢)

Amplitude

The maximum displacement of particle from its mean position is define as amplitude.
Time period (T), Frequency (n) and Angular frequency (o)

° The time after which the particle keeps on repeating its motion is known as time period.

° Itisgiven by T = 2n , T= 1 where o is angular frequency and n is frequency.

Phase (SHM as a uniforr;) circularr;notion) Y constant

(a) Projection of particle's position on Y-axis. | ‘Wgﬁél;;
y = Asin(ot + ¢) T‘?* !
The quantity (ot + ¢) represents the phase angle at that instant. )1 / @24) - t=0

(b) The phase angle at time t = 0 is known as initial phase or X' 0 X X
epoch.

(€0  The difference of total phase angles of two particles executing
S.H.M. with respect to the mean position is known as phase v

difference.

(d)  If the phase angles of two particles executing S.H.M. are (ot + ¢,) and (ot + ¢,) respectively, then the
phase difference between two particles is given by

Ad = (ot + ¢,) = (ot + ¢,) or  Ap=¢, — ¢,
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1.4 Types of Simple harmonic motion (S.H.M.)

@

(ii)

S.H.M. are of two types

(@

)

Linear S.H.M.

When a particle moves to and fro about a point

(called equilibrium position) along a straight line then

its motion is called linear simple harmonic motion.
Example : Motion of a mass connected to spring.
Angular S.H.M.

When a system oscillates angularly with respect to a axis then

its motion is called angular simple harmonic motion.

Example :- Motion of a bob of simple pendulum.

Comparison between linear and angular S.H.M.

Linear S.H.M. Angular S.H.M.
Fo-x Toc—0
F: —kX Ta=t= Ce

Where Kk is the restoring force constant
Where x is disp. from mean position

d=—X
m

whee m is the mass of body.

& + hx =0

d* m

It is known as differential equation of
linear S.H.M.
x = Asinot  considering initial phase = 0
a=-oX

where o is the angular frequency

Ezﬁ:&m
m

where T is time period and n is frequency

T=2n m
k

1 [k
n:_ it
2n\m

This concept is valid for all types of linear
SHM.

Where C is the restoring torque constant
Where 0 is angular disp. from mean position.
C

a=——0

I

2
d—? + 96 =0
dr® 1
It is known as differential equation of
angular S.H.M.

0 =0,sin ot  considering initial phase zero.
o =—n?0
=5

I

'1":275\/I
C

1 |C

n=—
2n\ 1

This concept is valid for all types of angular
S.HM.
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2.

2.1

Sol.

2.2

2.3

SIMPLE HARMONIC MOTION (SHM) AND ITS EQUATION; VELOCITY,
ACCELERATION

Displacement, Velocity and Acceleration in S.H.M.

Displacement in S.H.M.

(i) The displacement of a particle executing linear S.H.M. at any instant is defined as the position of the
particle from the mean position at that instant.

(i) It can be given by relation x=Asinot or x=Acosot or x=Asin(ot+ ¢)

What will be the equation of displacement in the following different conditions ?

v A A @ A A
Pe— E i H —
(i) Hh v A +A
—r— >
(i) x = A sinot (ii) x = A sin(ot + g) — x = A cosot
3
(iii) x = A sin(ot + ©) = X = —A sinwt (iv) x = A sin(ot + 775 ) = x = —A coswt
Velocity in S.H.M. viab v, wat
(i) Velocity in S.H.M. is given by - -
amax alnﬂX
V= % = %(Asinmt)
x=-A yat MP. (f,) Xx=FtA
= v=Aoecosot=  y=zt0.(A%-x%) v =Ao
2 2 2 2 A
v X X Y
R Fm-lw = x'as ! AT
A
This is equation of ellipse. So curve between displacement and velocity
of particle executing S.H.M. is ellipse. >
(i) The graph between velocity and displacement is shown in figure. }
If particle oscillates with unit angular frequency (o = 1) then curve A
between v and x will be circle.
Acceleration in S.H.M. g
' L .. dv d S o°A
(i) Acceleration in S.H.M. isgiven by a = i E(Am cos mt) :
a=-0’Asinot = a=-—oX +A
= a_ =-oA —A B
(i) The graph between acceleration and displacement is a straight line
as shown in figure. —o’A[TTTT

Important points :

In linear S.H.M., the length of S.H.M. path = 2A
In S.H.M,, the total work done and displacement in one complete oscillation is zero but total travelled length is 4A.

Velocity is always ahead of displacement by phase angle g radian

Acceleration is ahead of displacement by phase angle = radian i.e., opposite to displacement.

Acceleration leads the velocity by phase angle % radian.
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3. ENERGY IN SHM - POTENTIAL & KINETIC ENERGIES

3.1 Potential Energy (U or P.E.)
(i) Interms of displacement

dU 1
The potential energy is related to conservative force by the relation F = T ” de = —J‘ Fdx = U= ) kx? + U,

1
Where the potenital energy at equilibrium position = U, If U, =0 then U = 5 kx?

h
(ii) In terms of time ‘
1 K
Since x = A sin(ot + ¢), U = = kAZsin%(wt +¢) N : U = Lmea?
2 PE o i ™2
3.2 Kinetic Energy (K) i P KE_- —;—mmZAZ
-A +A

(i) In terms of displacement

If mass of the particle which is executing S.H.M. is m and Its velocity is v then kinetic energy at any instant.

1 1
Vi = — 2 (A2 _ w2) — — 200
K—zmv—zmoa (A% - x?) 2k(A x?)
(ii) Interms of time where E represents total energy
o
v = Ao cos(ot + ¢) x'

KuO! Upor E;

1 % /KE
“K= 5 mo?A? cos? (ot + ¢) 3

; \ ; \
l,'" ‘\\\ '."' “\\ RE
3.3 Total energy (E) v v

Total energy in S.H.M. is given by ; E = potential energy + kinetic energy = U + K

1 1
w.r.t. position E = 2 kx? + 5 k (A? —x?) = E= %kA2 = constant

3.4 Average energy in S.H.M.

1 1 1 1
(@) <KE>, =7 mo’A” = kA’ , <KE>, = Zmo'A’ = Zka’

1 1
(b) <PE>, = 7mo’A” 4 U, = 7kA%+ U, , <PE> = %mmzAz +U, = %w U,

e The frequency of oscillation of potential energy and kinetic energy is twice as that of displacement or
velocity or acceleration of a particle executing S.H.M.

e  Frequency of total energy is zero because it remains constant.
4. OSCILLATIONS OF A SPRING BLOCK SYSTEM
4.1 Spring Block System

(i) When a small mass is suspended from a spring then this arrangement is known as spring block system.
For small linear displacement the motion of spring block system is simple harmonic.

(i)  Foraspring block system

2
Time period T = = = 271,/m ,
® k
1 |k

F = =
requency n = o/ —
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(i)

4.2

Time period of a spring block system is independent of acceleration due to gravity. This is why a clock based on
oscillation of spring block system show proper time everywhere on a hill or moon or in a satellite or different
places of earth, where gravity is varying.

If a spring block system oscillates in a vertical plane is made to oscillate on a horizontal +
surface or on an inclined plane then time period will remain unchanged.

If two masses m, and m, are connected by a spring and made to oscillate then time period T = 2= %
k
m,m, m, [TETTEEIIEHIIG]| m,
Here, M= m = reduced mass of a system.

If the stretch in a vertically loaded spring is y, then for equilibrium of mass m.

kv = . B Yo
Yo=mg ie, =7

So, time period T = 271\/% =2n /y??

But remember time period of spring pendulum is independent of acceleration due to gravity (y, will change with

changing value of g).

Various Spring Arrangements

Series combination of springs

In series combination same restoring force exerts in all springs but extension will be different.
If equivalent force constant is k then F = -kx

k; K,
Wherel:LJri = k _ Kk, m
ks kl kz : kl + k2

A1AAREARNAANRRNIARANARARANA A RARRRRAR AR ARANANANAANNY
m

k

S

Time period T, =2n

Parallel Combination of springs

In parallel combination, displacement on each spring is same but restoring force is different.

If equivalent force constant is k,, then F = -k x, so k, = k, +k,

Time period T,= 2 1% = 27 |
ime perio p= 21 \/; T k ok,
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5. SIMPLE PENDULUM

If a heavy point mass is suspended by a weightless,

inextensible and perfectly flexible string from a rigid length

support, then this arrangement is called a simple pendulum

T=2n \/Z
- :

Important points :

1.  The time period of pendulum is independent from mass of the bob but it depends on size of bob (position
of centre of mass). So in pendulum when a solid iron bob is replaced by light aluminium bob of same
radius then time period remains unchanged.

g
3. If aclock based on oscillation of simple pendulum is shifted from earth to moon then it becomes slow

2.  If simple pendulum is shifted to poles, equator or hilly areas, then its time period may be different [T o _1_]

o . i g 1
because its time period increases and becomes JE times compare to earth. =% = 5 =T, = \/ETE
E
4.  Periodic time of simple pendulum in reference (system) frames.

fv
]
£
T = 27'[ g_ | .‘r“
eff }/% 5 )
(@  If reference system is lift éﬁ?? e
Y . . gl
@) If velocity of lift v = constant ]
accelerationa=0 and g, =g T=2n \/Z Ta
g
@) If lift is moving upwards with acceleration a I éf
S| |ga=gta
9 =8 *a 0] i)
1
£ Ag @ |
T=2n = T decreases
g+a
(iii)  If lift is moving downwards with acceleration a la
Gy =8—a A
ff. /E{
; S| |9.=9-2
T=2n =  Tincreases v |
g-a o
(iv)  If lift falls downwards freely T
g;=9-a=0 N simple pendulum will not oscillate

(b) A simple pendulum is mounted on a moving truck

(i) If truck is moving with constant velocity, time period remains same T =2n \/z
g

(i) If truck accelerates forward with acceleration 'a'.

l 4,
So effective acceleration, g, = \/g? +a? and T' =2 |— a
' Seit. T

«
|
s
Q
)
Fre
«Q
!

a
Time period T' =2n R — T' decreases

g’ +a
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6.

7.(a)

(b)

10.

11.

If a simple pendulum of density ¢ is made to oscillate in a liquid of density p then its time period will
increase as compare to that of air and is given by

If the bob of simple pendulum has positive charge q and pendulum

is placed in uniform electric field which is in downward direction.

If the bob of simple pendulum has positive charge q and is made is

oscillate in uniform electric field acting in upward direction. A

V4
T = 2“\/% is valid when length of simple pendulum (¢) is negligible as compare to radius of

earth (¢ << R) but if £ is comparable to radius of earth

then time period T =2n

The time period of oscillation of simple pendulum of infinite length

R 1
T=2n E ~ 84.6 minute = 15 hour It is maximum time period.

Second's pendulum

If the time period of a simple pendulum is 2 second then it is called second's pendulum. Second's pendulum
take one second to go from one extreme position to other extreme position.

(
For second's pendulum, time period T = 2 = 2“\/5

At the surface of earth g = 9.8 m/s? ~ n?m/s?,
So length of second pendulum at the surface of earth ¢ ~1 m and at surface of moon ¢ ~1/6 m

If simple pendulum is shifted to the centre of earth, freely falling lift or in artificial satellite then it will not
=0).
Variation in Time Period with Temperature

L,(1+aAt)
T=2n T where At is charge in temp.

or T 2 ® where AT increase in time period

oscillate and its time period is infinite (- g,
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If time period of clock based on simple pendulum increases then clock will be slow and if time period
decreases then clock will be fast.

6. DIFFERENT TYPES OF OSCILLATIONS

Different types of oscillations
Free, Damped, Forced oscillations and Resonance
(@) Free oscillation

(i) The oscillations of a particle with fundamental frequency under the influence of restoring force are
defined as free oscillations.

(i)  Theamplitude, frequency and energy of oscillations remain constant.

C
)

(b) Damped oscillations
(i) In these oscillations the amplitude of
oscillations decreases exponentially
due to damping forces like frictional
force, viscous force etc.
(i) If initial amplitude is A, then amplitude

after time t will be A = Aje ™ where

y=Damping coefficient |\ /T
For example A, is initial amplitude
A, o A
_— —(2) and so on.
n n

(c) Forced oscillations

fo
AO

(i) The oscillations in which a body oscillates under the influence of an external periodic force (driver)
are known as forced oscillations.

(i) The driven body does not oscillate with its natural frequency rather it oscillates with the frequency
of the driver.

(i)  The amplitude of forced vibration is determined by the difference between the frequency of the
applied force and the natural frequency. If the difference between frequencies is small then the
amplitude will be large.

(d Resonance

(i) When the frequency of external force (driver) o is equal to the natural frequency w, of the oscillator
(driven), then this state of the driver and the driven is known as the state of resonance.

(i) In the state of resonance, there occurs maximum transfer of energy from the driver to the driven.

(i) ~ When o = o, amplitude of oscillations is maximum. This state is resonance. Energy of the oscillations
is also maximum in this state. Amplitude vs o graph is as shown.

Amplitude

A

N

W —> o
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7. EXAMPLES OF SIMPLE HARMONIC MOTION
PHYSICAL SYSTEM THAT MOVES WITH SHM

(1) Torsional oscillator (Angular SHM) "
’ 20
wire N = modulas of elasticity of the wire
disk r = radius of the wire
{ = length of the wire
I = Ml of the disc
(2) Oscillation liquid in a V-shape tube :

14
T=2n \/g(cos 0; +cos 05)

¢ = Total length of liquid column in tubes
0, & 6, = angles of tubes with horizontal

(for U-shaped tube 6, = 6, = 909
g = gravitational acceleration

‘/_m ZN/E 2\/E
T=2n Ap’T=np ,T=7tg

m = mass of block, A = Area of block

p = density of liquid, L = length of cylinder

d = density of cylinder, h = length of cylinder inside the
liquid at mean position

(4) Oscillation of piston in a gas chamber piston: v
m
lBaui T=2m\"ox
X istoR v = volume of cylinder, m = mass of piston
\ * pisto A = area of cylinder ball
AP
Gas % K = bulk modulus = W
gas \Y%
= For (1) Isothernal process K=P, (2) adiabatic process K = yP
cylinder
(5) Longitudinal oscillation of an elastic wire T =2 I (m
or rubber string : AY
I — ( = length of string
ire of m = mass of ball
S \:u/lkr)%:r string A = Area of cross section
m Y = young's modulus
Al
....... ..-.-.-.
0
(6) Tunnel across earth :

IR
T=2rny7 ., R, =6400km, T=_84.6 minute

Time taken to go from one end of the tunnel to other
endis T/2i.e. 42.3 minutes
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Illustration

Solution

Illustration

Solution

Illustration

Solution

An object performs S.H.M. of amplitude 5 cm and time period 4 s. If timing is started when the
object is at the centre of the oscillation i.e., x = 0 then calculate —

(i) Frequency of oscillation
(i)  The displacement at 0.5 sec.
(i)  The maximum acceleration of the object.

(iv  The velocity at a displacement of 3 cm.

1 1
i f = — —==901725
(i) Frequency T°7 Hz

(i) The displacement equation of object x = Asinot

5
soatt=0.5s x = bsin(2r x 0.25 x0.5) 4~ Jp cm

(i) ~ Maximum acceleration a_ = ®?A =(0.5n)* x 5 = 12.3 cm/s?

X

(ivy Velocityatx = 3 cmis v =+oyAZ —x? =20.5m/5% - 3% =+6.28 cm/s

Amplitude of a harmonic oscillator is A, when velocity of particle is half of maximum velocity, then
determine position of particle.

v=oVA? —x? but  v=—o%=—-
A sz
760:0) = = A'=4A" %%

o AAT oA J3A
4 2
A particle performing SHM is found at its equilibrium position at t = 1 sec and it is found to have
a speed of 0.25 m/s at t = 2 sec. If the period of oscillation is 8 sec. Calculate the amplitude of
oscillations.

x = Asin(wt + ¢)

att = 1 sec. particle at mean position

OZASiH(%X].-!-(i)J = d)z—%
att = 2 sec. velocity of particle is 0.25 m/s

T T
25 = —x2-=
0.25 Amcos(4 X 4)

Ao J2

0.25=— A=Y2

V2 - n
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Illustration

Solution

Illustration

Solution

Illustration

Solution

Illustration

Solution

If two S.H.M. are represented by equations y1=105ir{3ﬂt+%} and

Y,=5 [Sin(3ﬂt) ++/3 COS(3TEt)J then find the ratio of their amplitudes and phase difference in between
them.

As Y, =5|sin(3nt) + 3 cos(3nt) | = 10% sin(3nt) + gcos(Snt)}

- IO{cos%siHSnt+sin%cos$nt} :10sin[3nt+%J - j:—: =%
T
= A, :A,=1:1and Phase difference = §_Z =12 rad.

The velocity of a particle in S.H.M. at position x, and x, are v, and v, respectively. Determine
value of time period and amplitude.

V:co/AZ—XZ . V2 = o (AZ - x2)

At position x, velocity v = @? (AZ- k%) ... ()
At position x, velocity Vi = 0% (A2- x2) ... (i)
U v,
5, o A _ 1 2
Subtracting (ii) from (i) Vi — Vi = (x5 —x%) = 0= %L
2 2
Xy — X
Time period T= 2n =4 T =2m |—2—
® Vi =V,
Divid b V_f = A’ —x 22 2
ividing (i) by (ii) AT = ViA? —vix; = v3A? -
2 .2 2.2
_|ViXy — VX
So AP IR — vox: = A= l——5—5—

Ve -V
In case of simple harmonic motion —

(@)  What fraction of total energy is kinetic and what fraction is potential when displacement is
one half of the amplitude.

(b) At what displacement the kinetic and potential energies are equal.

InS.HM.
KE = SK(A? - x) PE = Lo and TE = LA
2 2 2
KE A?-x? PE x?
@ he=Tg="a7 fe= TE= a7
i B , _A-AYA 3 d ; _ A4 1
ax=7 S TAT 4 an T AT 4
1 1 A
b KE=PE = Sk(&-x)=zk¢ = 20=-A = -5

A particle starts oscillating simple harmonically from its equilibrium position with time period T.

Determine ratio of K.E. and P.E. of the particle at timet = —

12°
att= 7o = AsinZT—”x%zAsmgzg
1 31 1 1 1 KE. 3
= —k(A2-x?) = = x—kA? = T k2= —x—kAZ . 0 =22
SO K.E. 2k(A x?) 4><2 and PE. 2kx 4><2 & E 1
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Illustration

Solution

Illustration

Solution

Illustration

Solution

Illustration

Solution

Illustration

Solution

The potential energy of a particle oscillating on x-axis is U = 20 + (x — 2)2. Here U is in joules
and x in meters. Total mechanical energy of the particle is 36 J.

(@)  State whether the motion of the particle is simple harmonic or not ?

(b) Find the mean position.

© Find the maximum Kinetic energy of the particle.

du
(@) F= T —2(x — 2) By assuming x — 2 = X, we have F = -2X
Since, F o« —-X The motion of the particle is simple harmonic

(b) The mean position of the particle is X = 0 = x — 2 = 0, which gives x = 2m
() Maximum kinetic energy of the particle is, K =E-U_ =36 -20 =16 J
Note : U__is 20 J at mean position or at x = Z2m.

A body of mass m attached to a spring which is oscillating with time period 4 seconds. If the mass
of the body is increased by 4 kg, its time period increases by 2 sec. Determine value of initial mass m.

m+4
k

In Ffcase: T = 2n % = 4= 271\/% ...() andin I case: 6 = 2n ... (i)

4 m 16 m
Divide (i o 16 m
wide () by ) €= va ™ 36 m+4
One body is suspended from a spring of length ¢, spring constant k and has time period T. Now if
spring is divided in two equal parts which are joined in parallel and the same body is suspended from
this arrangement then determine new time period.
Spring constant in parallel combination k' = 2k + 2k = 4k

,m | m / 1 T T
. T' = 2 S — 2 — = m - = —=—
A block of mass m is attached from a spring of spring constant k and dropped from its natural length.

Find the amplitude of S.H.M.
Let amplitude of S.H.M. be A then by work energy theorem W = AKE

= m=3.2 kg

1 2mg
mgx, — §kx(2) =0 =X “ Tk
So amplitude A = %

Periodic time of oscillation T, is obtained when a mass is suspended from a spring. If another spring
is used with same mass then periodic time of oscillation is T,. Now if this mass is suspended from series
combination of above springs then calculate the time period.

m 47*m m 4m*m 2
! . k, ! T12 and "z n\/ k, 2 T22 =0 Keq. = T2
eq.

. o1 1 1 TZ T2 | TZ
In series combination —— = = 4+ _—_ 0 -1 4 2 T _ JT?4+T2
w K + K, 47°m  4n’m  4n’m e 1F 1
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Illustration

Solution

Illustration

Solution

13.

Solution

Illustration

Solution

Illustration

Solution

Infinite springs with force constants k, 2k, 4k, 8k, ..... respectively are connected in series. Calculate
the effective force constant of the spring.

1 1 1 1 1

=+ ——F+—+
k, k 2k 4k 8k

a
(For infinite G.P. S, = —— where a = First term, r = common ratio)

1-r
1 1, 1 1 1 1 1 2
LN AR S o —| =% -
k,, k{+2+4+8+ } k| 1| k 8 g b
2

A simple pendulum is suspended from the ceiling of a lift. When the lift is at rest, its time period is
T. With what acceleration should lift be accelerated upwards in order to reduce its time period to

Lo
2
d i T—ZTc£ : : I—T'—27c ‘ i
In stationary lift = . ... In accelerated lift 2 ota ...(il)
g+a
= 2= ry g+a=4g > a=23g

If length of a simple pendulum is increased by 4%. Then determine percentage change in time
period.

T=2n £:>Tocﬂl/2:>£:l&

g T 2¢
AT 1AL
Percentage change in time period e 100% = T 100 [*- Ag = 0]
Al AT 1
According to question ik 100 =4% T 100% = 5 X 4% = 2%

A bob of simple pendulum is suspended by a metalic wire. If o is the coefficient of linear expansion
and do is the change in temperature then prove that percentage change in time period is 50a.d0.
With change in temperature do, the effective length of wire becomes ¢' = ¢ (1 + o d6)

, A 0 T /0
T =2n |— T=2n |— Ry 1/2
\/; and \/; Hence T 5 (1 + o do)

1+%0cd9

Percentage increase in time period = {TT;T} x100 = {TT - 1} x 100

{1+%‘6—1}<100=50ad9

The amplitude of a damped oscillator becomes half in one minute. The amplitude after

1
3 minutes will be " times of the original. Determine the value of x.

Amplitude of damped oscillation is A = A e [from x = x e
A
att=1min A=70 70=A0€77 = =2
. AO AO —yx3
After 3minutes A = ~ SO ~ Age = x=e¥=(@)P=22=8



