CIRCULAR MOTION

When a particle moves in a plane such that its distance from a fixed point remains constant then its motion is called
as circular motion with respect to that fixed point. That fixed point is called centre and the distance is called radius
of circular path.

Kinematics of Circular Motion
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Frequency (n)

Number of revolutions described by particle per second is its frequency. Its unit is revolutions per second (r.p.s.) or
revolutions per minute (r.p.m.) r.p.m. = 60 r.p.m.

Time Period (T)

It is time taken by particle to complete one revolution. T = —
n
Angular Velocity ()

It is defined as the rate of change of angular position of moving particle .
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Relation between linear and Angular velocity
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where 0, and 0, are angular position of the particle at instant t; and t,,.
Instantaneous Angular Velocity (W,
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(VAB) N Relative velocity of A w.r.t. B perpendicular to line AB

©aB Irg seperation between A and B

%,

V, Sin0; + vg sin@ Vs Sind, ™,

here (v,z), =v,sin0, + v, sin 0 L D= L e 2 B
AB/ L A 1 B 2, =~ Oup .




CIRCULAR MOTION

Angular Acceleration (o)

Rate of change of angular velocity is called angular acceleration.

At—0 At t E

Its an axial vector quantity. It direction is along the axis of rotation according to if ©T= ®lla , if ol = G 1[, a

Unit — rad/s? t—axis of rotation
Relation between Angular and Linear Acceleration j = 3 x 7 ®
do - 4

or A=AXT+OxV (E:(X and E:V) s 5
or d=ar+ac (ar =axr istangential acc. and a. = ®x V is centripetal acceleration.)

lal= /a2 +a2 (d; and d. are two component of net linear acceleration.)
Tangential Acceleration

ar = axr, its direction is parallel to velocity.

v = oxr and  ar = axf

l—axis of rotation
Centripetal acceleration o4
. . . . T
dc = ®xV = ac = Ox(®xT) (v V=@mxt) 0 P
2 v2
Magnitude of centripetal acceleration, a. = ov =—= oazr; ac =—(-1)
r r
Equations of Motion in Circular Kinematics
If a particle moves along a circle with constant angular acceleration.
: . 1 5
(i) @ = oy + at (ii) 0 = ot + 2 ot
®y + O
(i) o= (DOZ + 200 ) 6= ( 5 ]t
o

W) 0, =0, + o (2n-1)
where, o, = Initial angular velocity,
® = Instantaneous angular velocity o = Angular acceleration,
0 = Angular displacement at time t, 0 = Angular displacement in n second
Uniform Circular Motion
When a particle moves in a circle at a constant speed then the motion is >

Vy
said to be a uniform circular motion.

Speed is constant, so that a; =0

)

L v
Acceleration of particle a =a. =®xV or a = wv (bute= —
r

a=— = g?r = centripetal acceleration
r

due to centripetal acceleration, the velocity of the particle keeps on changing the direction i.e. the particle is
accelerated.



CIRCULAR MOTION

Non- Uniform Circular Motion

When a particle moving in a circle and if the speed of particle increases or decreses then the motion is non-uniform
circular motion.

In non- uniform circular motion | v | # constant ® # constant

In non-uniform circular motion particle has two acceleration :

\%
(a) Tangential acceleration a; = a = rate of change of speed; v = speed; s=arc-length.

2
v

(b) Centripetal acceleration a, = — = o’r
r

Net acceleration of the particle @ =a, +a; = a = \/aZ +a*

nE»

~0=tan | —
la.)
CIRCULAR MOTIONIN VERTICALPLANE
By conservation of mechanical energy between A and P , \\‘
1 1 { 0
0+ 5 mu? = mgh + 5 mv? or v = 4fu? - 2gh -.‘\ £’co:§9>9’~.f I':v
. > %,
o v=Ju?-2g/(1-cos6) [+ h =1 -cosb)] S S
m u

Tension in string

my
At point 'p' required centripetal force = =

Net force toward centre

my®
T —mg cosb = —
2 m
T=m [geos0+] =  [u° ~g/(2~3cos0) BV
/ Vg
(@) Cc
A mu?
T, = A+mg = ——+mg [0=0]
A Va
2 2
mvg u .
T, = 7 -mg = ~ —5mg (6 = 180°) [by law of conservation of energy v2 =u?-2g(2/)]

When particle is at point C of the circle -

mve.  mu®
Te == =7

—-2mg (6 = 90°) [by law of conservation of energy V2 =u*-2g(()]
Thus we can conclude >T.> T,
-T, = bmg
-T. = 3mg
— TB

TA
TA
TA
TC

= 3mg
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Cases

()  ifu>.5gl

In this case tension in the string will not be zero at any point, which implies that the particle will continue the

circular motion.

2

(i) u= /bgl — just completes the loop (at point B tension becomes zero, T = . 5mg)
critical velocity to complete the loop is u=v, = ./bgl
va= [vg? = v,2-4g(0) ]
v, = ,/3gl [ve= v,2-2g(()] and T,=6mg, T,=0, T =3mg

(i) /2 <u<./bgl = not complete the loop and leave the circular path.

Tension becomes zero between points C and B but speed v # 0 in this case. [t moves in parabolic path beyond

that point where tension become zero upto the point at same height in other half cicular part.
(ivy u= ,/2g¢ = T=0andv =0 at point C.
Particle will oscillate about point A.

W) u< /2g¢ v =_0inbetweenAandC, butT# 0and particle will oscillate about 'A'.

Illustration A road makes a 90° bend with a radius of 190 m. A car enters the bend moving at 20 m/s. Finding
this too fast, the driver decelerates at 0.92 m/s?. Determine the acceleration of the car when its
speed rounding the bend has dropped to 15 m/s.

Solution Since it is rounding a curve, the car has a radial acceleration associated with its changing direction,
in addition to the tangential deceleration that changes its speed. We are given that a; = —-0.92
m/s2, since the car is slowing down, the tangential acceleration is directed opposite the velocity.

vZ  (15)?
The radial acceleration is a, =—= 15) =12 m/s?

r 190

ar

Magnitude of net acceleration. a = Jaf +a% = [(1.2)2 + (0.92)2]"2 = 1.5 m/s?

and points at an angle 0 = tan™ (aa_;J = tan! [%} =53°

relative to the tangent line to the circle.

Illustration A particle of mass 'm' tied with a string of length ¢ is released from
horizontal position as shown is fig. Find the velocity at the lowest
position.
. 1
Solution apply COME  mg/l = Emv = v =4/2g/
Illustration A 4 kg ball swing in a vertical circle at the end of a cord 1m long. Find the maximum speed at which it

can swing if the cord can sustain maximum tension of 104 N. (g = 10 m/s?)

2

Solution T= =t +mg .. v=4m/s
r
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Hllustration

Solution

Hllustration

Solution

Hllustration

Solution

Hllustration

Solution

Hllustration

Solution

Aball is released from height 'h' as shown, which of the

condition hold good for the particle to complete the circular path.

v = ,/2gh > ,/6gR
5
= \2¢h>\bgR = h=7R

A circular overbridge having radius 20m, what is the maximum speed with which a car can cross the

bridge without leaving contact with the overbridge at the highest point ( g = 9.8 m/sec?)

2 N

) mv

For motion, mg-N = v
r

When reaction N becomes zero, contact is about to leave / Moy X

7 P .

! i :

mv? H !

mg = or v = ,rg =14 m/s % /

r

A ring rotates about z-axis as shown in fig. in x-y plane. At a certain
instant the acceleration of a particle P (Shown in fig.) on the ring is

(61 — 8j) m/sec?. Atthat instant what is the angular acceleration and

angular velocity of the ring ?

a= éT + éc here 5C is along —j and éT isalong

given :6f_832> a,=6=ar

a
and a, =8=or

. 6 ~ - “
now =g = 3 rad/s?(-Kk), ® = 2 rad/s (k)

A particle of mass 'm' slide down form the vertex of hemisphere, without any initial velocity. At what
height from the horizontal will the particle leave the sphere.
mv®

R

To leave the contactN = 0 so v2=gR cos0

At point P mg cos® —N =

by law of conservation of energy 0 + mg R = 5 mv? + mgh
h 2
v? = 2g (R-h) = gR cos0 (- cosO = ﬁ) = h= §R

Aparticle of mass 100 gmis suspended from the end of a weightless string of length 100cm and s allowed
to swing in a vertical plane. The speed of the mass is 200 cm/s, when the string makes an angle of 60°

with the vertical axis. Determine the tension in the string at 60°.

Tension at point (B)

o mVB
net towards O Fc = TB - mgcos60 = s

4

F

mv;, 100(200)°

Tg = 7 + mgcos60° =

+ 100 x (1000) x

1
2

= 40,000 + 50,000 = 90,000 dyne = 0.9 x 105 dyne = 0.9 N
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Illustration In a vertical circular motion, tension at the highest point is equal to
the weight of the particle, then find the speed and tension at the lowest m
point. Mass of the particle is m = 10 kg and length of string is
(=10 m (g = 10 m/s?)

mv?

Solution At the highest point T + mg = 7 given T = mg

mv?

mg + mg = = vZ =20 = v =,20g

by conservation of mechanical energy between top most & lowest point

1
Emv2 + mg (2(0) =

mv;2

L
2

L (2(g) + 2 ﬁ—l 2
:>2m g mgl = 5 my,

6gl = vi2 = v; = ,/6gl

mv?

m
At lowest point T = mg + 71 = mg + 7 X 6gl

T=7mg=700N andv; = /6g( = 106 m/s = 24.49 m/s

Va

P >
Illustration A particle is moving parallel to x-axis as shown in fig. such that they 4 === AW N
component of its position vector is constant at all instants and is equal b /
3
to 'b'. Find the angular velocity of the particle about the origin when its 0
v 5
radius vector makes an angle 0 with the x-axis. g
vCoso
T Vv
. ; vsind v, o
Solution i{ ®py = = Esm 0
| ” sin® YA
Illustration A particle is moving in clockwise direction in a circular path as shown ( \I\
in figure. The instantaneous velocity of particle at a certain instant is > X
m v
v = (3i +3j)m/s. Then in which quardant does the particle lie at that _/
instant? Explain your answer.
Solution II quardant. According to following figure x & y components of velocity are positive when the particle

is in I quardant. Y,

K\I\\
> X
I1I y
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Illustration

Solution

Illustration

Solution

Illustration

Solution

A hemispherical bowl of radius R is rotating about its axis of symmetry
which is kept vertical. A small ball kept in the bowl rotates with the bowl
without slipping on its surface. If the surface of the bowl is smooth and
the angle made by the radius through the ball with the vertical is o . Find
the angular speed at which the bowl is rotating.

Ncosa.=mg ... (1)
Nsino = mro? .. 2)
r = Rsine .. 3

From equations (2) & (3)
Nsino = me?Rsina
N=mRe? . 4)

g
Rcosa

= (mRw?) cosa. =mg = o =

A particle of mass m tied to a string of length ¢ and given a circular motion in the vertical plane.

If it performs the complete loop motion then prove that difference in tensions at the lowest and the
highest point is 6 mg.

v}—’$ =~
Let the speeds at the lowest and highest points be u and v respectively. /' Zl” %
9 1 Q '\k
At the lowest point, tension = T; = mg + g .. )]
2
At the highest point, tension = Ty, = 7 -mg . ..(ii)
2 g?
By conservation of mechanical energy, 5Ty =g 20 = u? = v? + 4gl
m[v2 + 4gﬁ]

Substituting this in eqn (i) T, =mg+ ....(iid)

. From eq". (i) & (i) T; — Ty = 6mg

A particle of mass m is connected to a light inextensible string of length
¢ such that it behaves as a simple pendulum. Now the string is pulled
to point A making an angle 6, with the vertical and is released then obtain
expressions for the :

speed of the particle and [AIPMT (Mains) 2008]
the tension in the string when it makes an angle 6, with the vertical.
h = ((cosB, — cosb,)

Applying conservation of mechanical energy between points A & B

1
Emv2 = mgh = v=/2gh =./2g/(cos6, — cosh,)

2

At position B, T - mgcosb, = Y where v = \/Zgﬁ(cos% —cos6,)

mg mgcosb,

m
= T = mgcosb, + a [2g/(cosb, — cosb,)] = mg(3cosb, — 2cosh;).



